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Abstract
This paper solves the optimal investment and consumption strategies
for a risk-averse and ambiguity-averse agent in an incomplete financial
market with model uncertainty. The market incompleteness arises from
investment constraints of the agent, while the model uncertainty stems
from drift and volatility processes for risky stocks in the financial mar-
ket. The agent seeks her best and robust strategies via optimizing her
robust forward investment and consumption preferences. Her robust for-
ward preferences and the associated optimal strategies are represented by
solutions of ordinary differential equations, when there are both drift and
volatility uncertainties, and infinite horizon backward stochastic differen-
tial equations, coupled with ordinary differential equations, when there is
only drift uncertainty.
1 Introduction
1.1 Optimal Investment and Consumption Problem
Continuous-time optimal investment and consumption problem was first stud-
ied by Merton in [30, 31]. In this classical trade-off problem, a price-taking
agent seeks the best dynamic allocation of her wealth between the investment
in a financial market for future potential growth of the wealth, and the con-
sumption for her instantaneous benefit. Since the seminal works by Merton, the
classical optimal investment and consumption problem has been substantially
generalized. See, for instance, [25, 10, 26, 3, 13, 9, 8] and the references therein.
Generally speaking, the agent in the above mentioned works decides her in-
vestment and consumption strategies via optimizing her expected inter-temporal
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consumption and terminal wealth preferences:
sup
(pi,C)
E
[∫ T
0
U cs (Cs) ds+ UT
(
Xpi,CT
)]
,
where pi and C are respectively her investment and consumption strategies, T is
the terminal time evaluating her wealth, U c and U are the preferences evaluating
respectively her instantaneous consumption benefit and terminal wealth, and
Xpi,C is her wealth employed the investment and consumption strategies (pi,C).
Hence, to formulate the above problem, the agent has to first fix the terminal
time T , or equivalently the investment and consumption horizon [0, T ]; the agent
then needs to a priori choose her inter-temporal consumption and terminal
wealth preferences U c and U .
However, the implementation of the above optimal investment and consump-
tion strategies (pi∗, C∗) has been criticized, for the agent might not pre-specify
an investment and consumption horizon before making any decisions at time 0.
Most importantly, the above optimal dynamic strategies (pi∗, C∗) determined
by the agent at time 0 depend on her assumed time-dependent preferences U c
and U in the future. These intuitively contradict how the agent should make
her investment and consumption decisions in practice.
1.2 Forward Preferences
Without the element of consumption, Musiela and Zariphopoulou, in a series of
their works [32, 33, 34, 35, 36, 37], proposed to determine the optimal invest-
ment strategy pi∗ for the agent, via optimizing her expected forward investment
preference U : for any terminal time T ,
sup
pi
E [U (XpiT , T )] .
Instead of assuming her future wealth preference in prior as in the classical
framework, the agent should first specify her wealth preference at time 0. Via
the super-martingale sub-optimality and martingale optimality principle (see
Definition 1 below, with U c ≡ 0 and B being a singleton), the agent’s forward
investment preference is then generated forwardly. Due to this forward nature,
the agent can pick her optimal investment strategy pi∗, without pre-defining
at time 0, her investment horizon and her future wealth preference. A similar
concept called horizon-unbiased utility was also introduced by Henderson in
[18], and Henderson and Hobson in [19]. For a dual characterization of forward
investment preference, see [46] by Zˇitkovic´. For recent developments of forward
investment preference, together with its applications in finance and insurance,
see [45, 15, 39, 12, 42, 27, 38, 1, 11] and the references therein.
Building upon the works by Musiela and Zariphopoulou, Berrier and
Tehranchi in [4] proposed to determine the optimal investment and consumption
strategies (pi∗, C∗) for the agent, via optimizing her expected forward investment
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and consumption preferences U and U c: for any terminal time T ,
sup
(pi,C)
E
[∫ T
0
U c (Cs, s) ds+ U
(
Xpi,CT , T
)]
.
Again, due to the nature of forward generation for the preferences, the agent
can solve her optimal investment and consumption strategies (pi∗, C∗), without
pre-specifying at time 0, her investment and consumption horizon, as well as
her future wealth and consumption preferences. Indeed, her optimal investment
and consumption strategies (pi∗, C∗) are obtained as by-products upon con-
structing her forward investment and consumption preferences (see Definition 1
below, with U c 6≡ 0 and B being a singleton). In [4] by Berrier and Tehranchi,
the forward preferences were characterized using convex duality, while forward
preferences with zero volatility were shown to satisfy a random PDE. In [23]
by Ka¨llblad, the forward preferences were characterized in SPDE, while zero
volatility forward preferences were related to the Black’s inverse investment
problem. El Karoui, Hillairet, and Mrad, in their work [16], linked solutions
between the SDE and the SPDE of forward preferences.
Under the classical optimal investment (and consumption) framework, model
uncertainty has been incorporated in, for instance, [20, 6, 21, 41, 14, 43, 28, 29,
17, 5, 44, 40]. Indeed, in reality, the agent usually faces significant ambiguity
on the financial market model uncertainty. However, all the works, in [32, 33,
34, 35, 36, 37], [45, 15, 39, 12, 42, 27, 38, 1, 11], and [4, 23, 16], for forward
investment (and consumption) preferences assumed that the agent has perfect
knowledge on the model for the financial market. Recently, Ka¨llblad, Ob lo´j,
and Zariphopoulou in [24] initiated the study of the agent’s robust forward
investment preference (see Definition 1 below, with U c ≡ 0 and B being a non-
singleton) and her optimal investment strategy. In [24], they studied extensively
the dual representation of robust forward investment preference.
1.3 Contributions
This paper contributes to introduce and study the robust forward investment
and consumption preferences, with (non-)zero volatility, and the associated op-
timal investment and consumption strategies, in an incomplete financial market
arising from general investment portfolio constraints, with model uncertainty.
Regardless of incorporating model uncertainty into the forward preferences
and optimal strategies for the ambiguity-averse agent, to the best of our knowl-
edge, the investigation of non-zero volatility forward investment and consump-
tion preferences, in such a general financial market framework, has been absent
in the literature of [4, 23, 16]. As the first contribution, this paper tackles the
technical difficulty arising from general investment portfolio constraints for the
financial market incompleteness. Essentially, with the investment constraints,
the SPDE (see Equation (4) below), the ODE (see Equation (13) below), and
the infinite horizon BSDE (see Equation (20) below), coupled with the ODE
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(see Equation (21) below), characterizing the robust forward preferences and
optimal strategies, become fully non-linear and quadratic.
Secondly, this paper contributes on the robustness of the forward investment
and consumption preferences, and the associated optimal strategies. With the
element of consumption, this paper proposes to determine the robust optimal
investment and consumption strategies (pi∗, C∗) for the ambiguity-averse agent,
via optimizing her expected robust forward investment and consumption prefer-
ences U and U c: for any terminal time T ,
sup
(pi,C)
inf
(b,σ)
E
[∫ T
0
U c (Cs, s) ds+ U
(
Xpi,C;b,σT , T
)]
,
where b and σ are respectively the market-realized drift and volatility pro-
cesses for the risky stocks in the financial market, and Xpi,C;b,σ is the wealth of
the ambiguity-averse agent, employed her investment and consumption strate-
gies (pi,C), with the realized drift and volatility (b, σ) from the financial mar-
ket. In other words, the ambiguity-averse agent chooses the optimal invest-
ment and consumption strategies under the worst-case scenario. Inspired by
the saddle-point argument under the classical framework (see, for example,
[20, 21, 41, 43, 44]) and the recent work on robust forward investment pref-
erence in [24], the robust forward investment and consumption preferences are
generated forwardly via, not only the standard super-martingale sub-optimality,
in terms of strategies, and martingale optimality, in terms of strategies and
uncertain parameters, principle, but also the supplemental sub-martingale sub-
optimality, in terms of uncertain parameters, principle. See Definition 1 below
for the precise mathematical formulation.
The third contribution of this paper stems from our methodology. To mo-
tivate the volatility process of forward preferences, we first derive the SPDE
representation of the robust forward investment and consumption preferences,
under an assumption of existence of a saddle-point. However, due to difficulties
in verifying the general existence of the saddle-point and possible ill-posedness
problem of the SPDE, instead of working on the SPDE directly, we use exclu-
sively results from ODEs and infinite horizon BSDEs to construct the CRRA
type (non-)zero volatility robust forward investment and consumption prefer-
ences, and the associated optimal investment and consumption strategies (see
Theorems 4 and 10 below). With both drift and volatility uncertainty, we
construct the forward preferences with zero volatility and solved the robust op-
timal strategies via solutions of an ODE (see Theorem 4 below). With only drift
uncertainty, we construct the forward preferences with non-zero volatility and
solved the robust optimal strategies via solutions of an infinite horizon BSDE
coupled with an ODE (see Theorem 10 below). The solution Z in the infinite
horizon BSDE corresponds to the volatility process of the forward preferences.
The reason of coupling the ODE with the infinite horizon BSDE, is to ensure
that the driver of the BSDE satisfies the strict monotonicity condition, which
is essential for the unique existence of solution by applying the existing theory
of infinite horizon BSDEs.
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The major differences which differentiate this paper from [24], which is the
only work so far in the literature on the robust forward preferences, are the
consumption component, model uncertainty setting, and methodology. In this
paper, in addition to investment decision, we consider as well the consumption
decision for the agent; in [24], the agent only chooses the best and robust in-
vestment strategy. The model uncertainty in this paper arises directly from the
drift and volatility processes for the risky stocks in the financial market; in [24],
they studied the Knightian uncertainty, which is for the ambiguity on the prob-
ability measure. Due to the differences in the model uncertainty setting, the
methodologies of this paper and [24] are different; [24] approaches the problem
from the duality perspective, while this paper deals with the primal problem
directly using the tools of ODEs and infinite horizon BSDEs.
This paper is organized as follows. Section 2 specifies the financial market
model, with general investment portfolio constraints and model uncertainty.
Section 3 introduces the robust forward investment and consumption preferences
for the risk-averse and ambiguity-averse agent, and represents the preferences
by the SPDE; Section 4 constructs the CRRA type robust forward investment
and consumption preferences, and solves the robust optimal investment and
consumption strategies by the ODEs and infinite horizon BSDE, in both cases
with drift and volatility uncertainty, and with only drift uncertainty. This paper
concludes in Section 5. All figures are relegated after the reference list.
2 The Market Model
Consider the current time t = 0. Let Wt, t ≥ 0, be a d-dimensional Brownian
motion on a probability space (Ω,F ,P). Denote F = {Ft}t≥0 as the augmented
filtration generated by W . We consider a financial market consisting of a risk-
free bond, offering a constant interest rate r ≥ 0, and d risky stocks. The stock
price processes Sit , t ≥ 0, solve, for each i = 1, . . . , d, for any t ≥ 0,
dSit
Sit
= bitdt+ σ
i
tdWt, (1)
where bi and σi are F-progressively measurable processes taking values in R and
R1×d. Denote the drift vector process by b = (b1, . . . , bd)tr, and the volatility
matrix process by σ = (σ1, . . . , σd)tr.
Define the set of possibly realized drift and volatility processes in the finan-
cial market by
B = { (bt, σt) , t ≥ 0 : (b, σ) are F-progressively measureable, and
(b, σσtr) ∈ B× Σ, P× dt-a.s.}, (2)
where B is a convex and compact subset in Rd, and Σ is a convex and compact
subset in Sd+, which is the set of all d× d positive semi-definite real symmetric
matrices. Assume that the set B contains at least one element (b, σ) such that
σσtr is positive definite, or equivalently σ is invertible. For each (b, σ) ∈ B, the
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(stochastic) integrals in (1) are well-defined. The larger the set B is, the more
the model is uncertain.
A risk-averse and ambiguity-averse agent, who has an initial endowment
x ∈ R+, can choose to consume and invest dynamically among the risk-free
bond and the risky stocks. Let pit = (pi
1
t , . . . , pi
d
t )
tr, t ≥ 0, be the amounts of her
wealth in the risky stocks; and let Ct, t ≥ 0, be her consumption rate. Then,
by self-financing, her wealth process Xx;pi,C;b,σt , t ≥ 0, satisfies, for any t ≥ 0,
dXx;pi,C;b,σt =
(
rXx;pi,C;b,σt + pi
tr
t (bt − r1)− Ct
)
dt+ pitrt σtdWt, (3)
with Xx;pi,C;b,σ0 = x. Note the dependence of her wealth process X
x;pi,C;b,σ on,
not only her choices of the investment and consumption strategies (pi,C), but
also the market-realized drift and volatility processes (b, σ) ∈ B for the stock
prices.
Denote A[0,t], t ≥ 0, as the set of admissible investment and consumption
strategies in [0, t], which is defined by, for any t ≥ 0,
A[0,t] =
{
(pis, Cs) , s ∈ [0, t] : (pi,C) are F-progressively measurable;
(pi,C) ∈ Π× R+, P× dt-a.s.;
∫ t
0
(|pis|2 + |Cs|) ds <∞, P-a.s.},
where Π is a closed and convex subset in Rd including the origin1 0 ∈ Rd. The
set of admissible investment and consumption strategies for all time t ≥ 0 is, in
turn, defined by A = ∪t≥0A[0,t]. The integrability condition in A is to ensure
that the (stochastic) integrals in (3) are well-defined.
Define the joint admissible set C of investment and consumption strategies
and possibly realized drift and volatility processes by
C =
{
(pit, Ct; bt, σt) , t ≥ 0 : (pi,C) ∈ A; (b, σ) ∈ B; Xx;pi,C;b,σt ∈ R+,∀t ≥ 0
}
.
Other integrability conditions in this joint admissible set will be further specified
when a particular class of preferences for the agent is considered.
The above model includes the incomplete financial market framework, in the
sense that the number of available risky stocks n could be less than the dimension
d of the Brownian motion. Indeed, if the financial market only consists of n(< d)
risky stocks, we could artificially construct d − n pseudo risky stocks which
satisfy the assumptions above, and define the investment constraint set Π by
Πn×{0}d−n, where Πn is a closed and convex subset in Rn including the origin
0 ∈ Rn. Therefore, without loss of generality, we consider the financial market
model with n = d.
1This assumption is in line with practice that the agent could choose to simply invest all
of her wealth to the risk-free bond at any time.
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3 Robust Forward Investment and Consump-
tion Preferences
In the above general financial market with model uncertainty, the agent aims
to forwardly choose her best investment and consumption strategies (pi∗, C∗) ∈
A. Since the agent is risk-averse, her implied investment and consumption
preferences are non-decreasing and concave; in particular, her time-0 investment
and consumption preferences U (x, 0) and U c (C, 0), which are non-decreasing
and concave in x ∈ R+ and C ∈ R+, are given. On the other hand, since
the agent is ambiguity-averse, when determining her optimal investment and
consumption strategies forwardly, the agent should take the uncertainties, for
the average growth rate and the volatility of the stock prices in the financial
market, into account.
Inspired by the worst-case scenario stochastic optimization problem under
the classical expected utility framework in [20, 21, 41, 43, 44], we define the ro-
bust forward investment and consumption preferences, with drift and volatility
uncertainties, and the associated optimal investment and consumption strate-
gies, as follows. The supplemental element in the definition of robust forward
preferences is the additional principle of sub-martingale sub-optimality with
respect to the uncertain drift and volatility.
Definition 1 A pair of processes
{(U(ω, x, t), U c(ω,C, t))}ω∈Ω,x∈R+,C∈R+,t≥0
is called robust forward investment and consumption preferences, with drift and
volatility uncertainties, if they satisfy all of the following properties:
(i) for each x ∈ R+ and C ∈ R+, {U(ω, x, t)}ω∈Ω,t≥0 and
{U c(ω,C, t)}ω∈Ω,t≥0 are F-progressively measurable;
(ii) for each ω ∈ Ω and t ≥ 0, {U(ω, x, t)}x∈R+ and {U c(ω,C, t)}C∈R+ are
non-decreasing and concave;
(iii) there exists a saddle-point for the optimal investment and consumption
strategies and the worst-case drift and volatility (pi∗, C∗; b∗, σ∗) ∈ C such
that, for any admissible investment and consumption strategies (pi,C) ∈ A
with (pi,C; b∗, σ∗) ∈ C,
U(x, t) ≥ E
[
U(Xx,t;pi,C;b
∗,σ∗
s , s) +
∫ s
t
U c(Cu, u)du
∣∣∣∣Ft] ,
∀ 0 ≤ t ≤ s <∞, x ∈ R+;
for any possibly realized drift and volatility (b, σ) ∈ B with (pi∗, C∗; b, σ) ∈
C,
U(x, t) ≤ E
[
U(Xx,t;pi
∗,C∗;b,σ
s , s) +
∫ s
t
U c(C∗u, u)du
∣∣∣∣Ft] ,
∀ 0 ≤ t ≤ s <∞, x ∈ R+;
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while
U(x, t) = E
[
U(Xx,t;pi
∗,C∗;b∗,σ∗
s , s) +
∫ s
t
U c(C∗u, u)du
∣∣∣∣Ft] ,
∀ 0 ≤ t ≤ s <∞, x ∈ R+.
The pair of robust forward investment and consumption preferences include
the forward investment preference, forward investment and consumption pref-
erences, and robust forward investment preference, defined in the literature:
• when U c ≡ 0 and B is a singleton, i.e., without the element of consumption
and model uncertainty, the definition reduces to the forward investment
preference, which was first introduced by Musiela and Zariphopoulou in a
series of their works [32, 33, 34, 35, 36, 37];
• when U c 6≡ 0 and B is a singleton, i.e., with the element of consumption
but without the model uncertainty, the definition reduces to the forward
investment and consumption preferences, which was first introduced by
Berrier and Tehranchi in [4], and further studied in [23] and [16];
• when U c ≡ 0 and B is not a singleton, i.e., without the element of con-
sumption but with the model uncertainty, the definition reduces to the
robust forward investment preference, which was recently introduced by
Ka¨llblad, Ob lo´j, and Zariphopoulou in [24], in which they studied exten-
sively the dual representation of robust forward investment preference.
For a comprehensive motivation and discussion for the theory of forward prefer-
ences, see [32, 33, 34, 35, 36, 37], [4, 23, 16], and [24], as well as the introduction
section in this paper.
3.1 SPDE Representation
The forward investment preference, forward investment and consumption prefer-
ences, and robust forward investment preference, were characterized by SPDEs
in, respectively, [37], [23], and [24], with the novel element of volatility pro-
cesses. Instead of endogenously being determined by the dynamic programming
principle as in the classical framework, the volatility of forward preferences is
exogenously chosen by the agent, and is regarded as her belief on how her pref-
erence in the performance criterion is going to change in the future.
The following proposition provides an SPDE representation for the robust
forward investment and consumption preferences, with drift and volatility un-
certainties.
Proposition 2 Let U (x, t) and U c (C, t), x ∈ R+, C ∈ R+, and t ≥ 0, be a
pair of processes satisfying conditions (i) and (ii) in Definition 1. Let a (x, t),
x ∈ R+ and t ≥ 0, be an F-progressively measurable process taking values in Rd,
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with enough regularity. Suppose that, for each x ∈ R+ and t ≥ 0, the random
function, for any (xpi, xC ;xb, xσ) ∈ Π× R+ × B× Rd×d with xσxtrσ ∈ Σ,
F (x, t;xpi, xC ;xb, xσ) =
1
2
Uxx (x, t)x
tr
pi xσx
tr
σ xpi + Ux (x, t)x
tr
pi (xb − r1)
+ xtrpi xσax (x, t) + (U
c (xC , t)− Ux (x, t)xC)
+ rUx (x, t)x,
admits a saddle-point (x∗pi, x
∗
C ;x
∗
b , x
∗
σ) ∈ Π × R+ × B × Rd×d, which depends
on (ω, x, t) ∈ Ω × R+ × [0,∞), with x∗σx∗,trσ ∈ Σ, in the sense that, for any
(xpi, xC) ∈ Π× R+ and (xb, xσ) ∈ B× Rd×d with xσxtrσ ∈ Σ,
F (x, t;xpi, xC ;x
∗
b , x
∗
σ) ≤ F (x, t;x∗pi, x∗C ;x∗b , x∗σ) ≤ F (x, t;x∗pi, x∗C ;xb, xσ) .
Suppose further that U (x, t), x ∈ R+ and t ≥ 0, admits an Itoˆ’s decomposition:
for any x ∈ R+ and t ≥ 0,
dU(x, t) = f (x, t) dt+ a(x, t)trdWt, (4)
for some F-progressively measurable process f (x, t), x ∈ R+, t ≥ 0. Then the
pair of processes U and U c are the robust forward investment and consumption
preferences, with drift and volatility uncertainties, if and only if, for any x ∈ R+
and t ≥ 0,
f (x, t) = −F (x, t;x∗pi, x∗C ;x∗b , x∗σ) . (5)
Moreover, the saddle-point for the optimal investment and consumption strate-
gies and the worst-case drift and volatility (pi∗, C∗; b∗, σ∗) are given by, for any
t ≥ 0,
pi∗t = x
∗
pi (Xt, t) , C
∗
t = x
∗
C (Xt, t) ; b
∗
t = x
∗
b (Xt, t) , σ
∗
t = x
∗
σ (Xt, t) .
Furthermore, if, for each ω ∈ Ω and t ≥ 0, U c (C, t) is strictly increasing and
strictly concave in C ∈ R+, then, for any t ≥ 0,
C∗t = x
∗
C (Xt, t) = (U
c
c )
−1
(Ux (Xt, t) , t) .
Proof. Let x ∈ R+ and t ≥ 0. Suppose that (5) holds. For any s ≥ t and
(pi,C; b, σ) ∈ C, by Itoˆ-Wentzell formula,
dU(Xx,t;pi,C;b,σs , s) + U
c(Cs, s)ds
=
[
1
2
Uxx(X
x,t;pi,C;b,σ
s , s)pi
tr
s σsσ
tr
s pis + Ux(X
x,t;pi,C;b,σ
s , s)pi
tr
s (bs − r1)
+pitrs σsax(X
x,t;pi,C;b,σ
s , s) +
(
U c(Cs, s)− Ux(Xx,t;pi,C;b,σs , s)Cs
)
+rUx(X
x,t;pi,C;b,σ
s , s)X
x,t;pi,C;b,σ
s − F
(
Xx,t;pi,C;b,σs , s;x
∗
pi, x
∗
C ;x
∗
b , x
∗
σ
)]
ds
+
[
Ux(X
x,t;pi,C;b,σ
s , s)pi
tr
s σs + a(X
x,t;pi,C;b,σ
s , s)
tr
]
dWs
=
[
F
(
Xx,t;pi,C;b,σs , s;pis, Cs; bs, σs
)− F (Xx,t;pi,C;b,σs , s;x∗pi, x∗C ;x∗b , x∗σ)] ds
+
[
Ux(X
x,t;pi,C;b,σ
s , s)pi
tr
s σs + a(X
x,t;pi,C;b,σ
s , s)
tr
]
dWs.
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By the definition of saddle-point, for any (pi,C) ∈ A with (pi,C; b∗, σ∗) ∈ C,
F
(
Xx,t;pi,C;b
∗,σ∗
s , s;pis, Cs; b
∗
s, σ
∗
s
)
= F
(
Xx,t;pi,C;b
∗,σ∗
s , s;pis, Cs;x
∗
b , x
∗
σ
)
≤ F
(
Xx,t;pi,C;b
∗,σ∗
s , s;x
∗
pi, x
∗
C ;x
∗
b , x
∗
σ
)
,
which implies the super-martingale sub-optimality principle of condition (iii) in
Definition 1; for any (b, σ) ∈ B with (pi∗, C∗; b, σ) ∈ C,
F
(
Xx,t;pi
∗,C∗;b,σ
s , s;pi
∗
s , C
∗
s ; bs, σs
)
= F
(
Xx,t;pi
∗,C∗;b,σ
s , s;x
∗
pi, x
∗
C ; bs, σs
)
≥ F
(
Xx,t;pi
∗,C∗;b,σ
s , s;x
∗
pi, x
∗
C ;x
∗
b , x
∗
σ
)
,
which implies the sub-martingale sub-optimality principle of condition (iii) in
Definition 1; and
F
(
Xx,t;pi
∗,C∗;b∗,σ∗
s , s;pi
∗
s , C
∗
s ; b
∗
s, σ
∗
s
)
= F
(
Xx,t;pi
∗,C∗;b∗,σ∗
s , s;x
∗
pi, x
∗
C ;x
∗
b , x
∗
σ
)
,
which implies the martingale optimality principle of condition (iii) in Definition
1. Another direction can be proved by similar arguments.
In Proposition 2, there are two assumptions imposed. First of all, the random
function F defined in the proposition is assumed to admit a saddle-point, which
is essential to verify condition (iii) in Definition 1. However, the existence of
saddle-point for the random function F is in general difficult to check, since the
function F involves cross-terms and depends on the robust forward preferences
themselves. Secondly, the robust forward preferences U and U c are assumed to
satisfy the SPDE (4). This equation is solved forwardly in time t, with the given
initial condition U(x, 0), x ∈ R+, which is the wealth preference of the agent at
the initial time 0. Note the dependence of the forward consumption component,
and the volatility process a of the forward investment component, in the drift
process, f , of the forward investment component. Leaning on the choice of
the volatility process a of the forward investment component by the agent, this
SPDE needs not to admit a unique solution. However, possible degeneracy and
formulation forwardly in time might lead to ill-posedness of the equation.
In view of these two assumptions, we bypass the difficulties generated by
the checking of general existence of saddle-point and by the ill-posedness of the
SPDE (4). Instead, in the following section, we construct the homothetic ro-
bust forward investment and consumption preferences directly from solutions
of a family of ODEs and a family of infinite horizon BSDEs. The motivation
of constructing the homothetic robust forward preferences is that, in the classi-
cal framework with mathematically tractable utilities of exponential, logarithm,
and power, the value functions, also known as backward preferences, are homo-
thetic (see, for instance, [22] and [9]).
One could easily observe that, in Proposition 2, the consumption component
xC actually does not play a role in the saddle-point argument. Indeed, for each
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x ∈ R+ and t ≥ 0, the random function F could have been simplified as, for
any (xpi;xb, xσ) ∈ Π× B× Rd×d with xσxtrσ ∈ Σ,
F (x, t;xpi;xb, xσ) =
1
2
Uxx (x, t)x
tr
pi xσx
tr
σ xpi + Ux (x, t)x
tr
pi (xb − r1)
+ xtrpi xσax (x, t) + rUx (x, t)x.
Consequently, the SPDE (4) can be equivalently rewritten as, for any x ∈ R+
and t ≥ 0,
dU(x, t) = − (F (x, t;x∗pi;x∗b , x∗σ) + (U c (x∗C , t)− Ux (x, t)x∗C)) dt+ a(x, t)trdWt,
where (x∗pi;x
∗
b , x
∗
σ) ∈ Π×B×Rd×d, with x∗σx∗,trσ ∈ Σ, is the assumed saddle-point
in Proposition 2, and x∗C = arg maxxC∈R+ (U
c (xC , t)− Ux (x, t)xC), which de-
pend on (ω, x, t) ∈ Ω× R+ × [0,∞). In the following section, the consumption
component shall be segregated from the saddle-point argument in order to trans-
parently discuss the property of the saddle value (function).
4 Robust Forward CRRA Preferences
In this section, we construct a CRRA class of robust forward investment and
consumption preferences, in the sense that, there exist F-progressively measur-
able processes Kt and λt, t ≥ 0, such that, for any x ∈ R+, C ∈ R+, and
t ≥ 0,
U(x, t) =
xδ
δ
Kt and U
c(C, t) =
Cδ
δ
λt,
for some risk aversion parameter δ ∈ (0, 1). Therefore, the construction is on
the processes K and λ, which are independent of the state variables x and C.
Inspired by the classical framework with mathematically tractable utilities
(see again, for instance, [22] and [9]), we consider an exponential process K,
in the sense that the robust forward investment preference is given by, for any
x ∈ R+ and t ≥ 0,
U(x, t) =
xδ
δ
eYt , (6)
for some F-progressively measurable process Yt, t ≥ 0. Moreover, we assume
that the process λ, in the robust forward consumption preference, is a non-
negative and bounded deterministic function in time t; in other words, we as-
sume that the randomness in the financial market does not affect the agent’s
belief on her future consumption preference.
As in the classical framework under CRRA preferences, we shall confine our
investment and consumption strategies which are linear in the wealth process:
for each i = 1, . . . , d, and for any t ≥ 0,
piit = p
i
tXt and Ct = ctXt,
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for some F-progressively measurable processes pi and c. Hence, the wealth
process of the agent, with the initial endowment x ∈ R+, satisfies, for any t ≥ 0,
dXx;p,c;b,σt = X
x;p,c;b,σ
t
[(
r + ptrt (bt − r1)− ct
)
dt+ ptrt σtdWt
]
.
Moreover, with the CRRA preferences, the admissible investment and con-
sumption strategies are those lying in A = ∪t≥0A[0,t], where, for any t ≥ 0,
A[0,t] =
{
(ps, cs) , s ∈ [0, t] : (p, c) are F-progressively measurable;
(p, c) ∈ Π× R+, P× dt-a.s.;
∫ t
0
(|ps|2 + |cs|) ds <∞, P-a.s.}. (7)
Together with additional requirements on the integrability condition for the
consumption rate C and the Class (DL) condition, the joint admissible set C is
further confined to be
C =
{
(pt, ct; bt, σt) , t ≥ 0 : (p, c) ∈ A; (b, σ) ∈ B; Xx;p,c;b,σt ∈ R+,∀t ≥ 0;
E
[∫ t
0
(
csX
x;p,c;b,σ
s
)δ
ds
]
<∞,∀t ≥ 0;
{(
Xx;p,c;b,στ
)δ}
τ∈T [0,t]
is
uniformly integrable,∀t ≥ 0
}
,
(8)
where, for any t ≥ 0, T [0, t] is the set of all F-stopping times with τ ≤ t, and B
is given in (2).
4.1 Hints of Constructions
With the above confined setting for robust forward CRRA preferences, the
SPDE (4) can be simplified. Indeed, suppose that the process Y in (6) ad-
mits an Itoˆ’s decomposition: for any t ≥ 0,
dYt = ftdt+ Z
tr
t dWt, (9)
for some F-progressively measurable processes f and Z. Thus, the robust for-
ward investment preference U in (6) satisfies, for any x ∈ R+ and t ≥ 0,
dU (x, t) = U (x, t)
(
ft +
1
2
|Zt|2
)
dt+ U (x, t)Ztrt dWt. (10)
This suggests that the volatility process of the robust forward investment pref-
erence is given by, for any x ∈ R+ and t ≥ 0, a (x, t) = U (x, t)Zt. Therefore,
the corresponding SPDE (4) is given by, for any x ∈ R+ and t ≥ 0,
dU(x, t) = − U (x, t)
(
F
(
t;x∗p;x
∗
b , x
∗
σ
)
+
(
(x∗c)
δ
λte
−Yt − δx∗c
))
dt
+ a(x, t)trdWt,
(11)
12
where, for each t ≥ 0, the random function F herein is given by, for any
(xp;xb, xσ) ∈ Π× B× Rd×d with xσxtrσ ∈ Σ,
F (t;xp;xb, xσ) =
1
2
δ (δ − 1)xtrp xσxtrσ xp + δxtrp (xb − r1) + δxtrp xσZt + δr,
and
(
x∗p;x
∗
b , x
∗
σ
) ∈ Π× B× Rd×d, with x∗σx∗,trσ ∈ Σ, is an assumed saddle-point
of the random function F .
On the other hand, recall that the robust forward investment preference U
is given by (6), and hence the construction is on the process Y . Thus, instead
of representing the robust forward investment preference (6) via the simplified
SPDE (11), Equation (9) plays a crucial role in the constructions. By comparing
the two dynamics in (10) and (11) for the robust forward investment preference,
the process f , in Equation (9), must be given by, for any t ≥ 0,
ft = −
(
F
(
t;x∗p;x
∗
b , x
∗
σ
)
+
1
2
|Zt|2 +
(
(x∗c)
δ
λte
−Yt − δx∗c
))
. (12)
There are still two issues raised from Equation (9) with driver (12). Firstly,
the existence of the saddle-point
(
x∗p;x
∗
b , x
∗
σ
)
is assumed, instead of verified.
Secondly, in general, it is not clear how to solve Equation (9) with driver (12)
over all time horizons, since the driver (12) is not necessarily strictly monotonic
in Y , and thus the solutions could be undefined at finite time.
In the following two subsections, we shall consider the saddle value (function)
G and H, in which the existence of saddle-point will be verified. Moreover, by
imposing sufficient conditions on the non-negative and bounded deterministic
function λt, t ≥ 0, or equivalently the robust forward consumption preference
U c, we shall demonstrate the solvability of Equation (9) with driver (12), which
corresponds to an ODE (13), or an infinite horizon BSDE (20), coupled with an
ODE (21), and in turn construct the robust forward preferences.
4.2 Drift and Volatility Uncertainties
In this subsection, we assume that both drift and volatility uncertainties exist,
in the sense that, both projected sets ProjbB and ProjσB are not singleton.
Define the deterministic function, for any (xp;xb, xΣ) ∈ Π× B× Σ,
G (xp;xb, xΣ) =
1
2
δ (δ − 1)xtrp xΣxp + δxtrp (xb − r1) + δr.
Lemma 3 The function G (·; ·, ·) admits a saddle-point (x∗p;x∗b , x∗Σ) ∈ Π×B×Σ,
in the sense that, for any xp ∈ Π and (xb, xΣ) ∈ B× Σ,
G (xp;x
∗
b , x
∗
Σ) ≤ G
(
x∗p;x
∗
b , x
∗
Σ
) ≤ G (x∗p;xb, xΣ) .
In particular, the saddle value G = G
(
x∗p;x
∗
b , x
∗
Σ
) ≥ 0.
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Proof. For a fixed (xb, xΣ) ∈ B × Σ, since xΣ ∈ Σ is a positive semi-definite
real symmetric matrix, the quadratic form xtrp xΣxp is convex in xp ∈ Π. Recall
that δ ∈ (0, 1). Therefore, the function G (·; ·, ·) is concave in xp ∈ Π and is
linear in (xb, xΣ) ∈ B×Σ. By, for example, Theorem 2.132 in [2], with a similar
treatment as Lemma 3.1 in [44] for the non-compact, but closed, set Π, we
conclude the existence of saddle-point. The second assertion is due to the fact
that 0 ∈ Π, and thus G = G (x∗p;x∗b , x∗Σ) ≥ G (0;x∗b , x∗Σ) = δr ≥ 0.
Theorem 4 Let Yt, t ≥ 0, be the solution of the following ODE: for any t ≥ 0,
dYt = −
(
G+ (1− δ)λ
1
1−δ
t e
− Yt1−δ
)
dt, (13)
where λt, t ≥ 0, satisfies the condition that, for all t ≥ 0,
e
Y0
1−δ >
∫ t
0
e
G
1−δ sλ
1
1−δ
s ds. (14)
Then the pair of processes
{(U(ω, x, t), U c(ω,C, t))}ω∈Ω,x∈R+,C∈R+,t≥0
defined by, for any x,C ∈ R+ and t ≥ 0,
U(x, t) =
xδ
δ
eYt and U c(C, t) =
Cδ
δ
λt, (15)
are the robust forward investment and consumption preferences, with drift
and volatility uncertainties. Moreover, the saddle-point for the optimal in-
vestment and consumption strategies and the worst-case drift and volatility
(p∗, c∗; b∗, σ∗) ∈ C are given by, for any t ≥ 0,
p∗t = x
∗
p, c
∗
t = λ
1
1−δ
t e
− Yt1−δ ; b∗t = x
∗
b , σ
∗
t σ
∗,tr
t = x
∗
Σ.
Furthermore, the volatility process of the robust forward investment and con-
sumption preferences, with drift and volatility uncertainties, given in (15), is
a(x, t) = 0, x ∈ R+ and t ≥ 0.
Proof. With the condition (14), the ODE (13) can be uniquely solved. Indeed,
by an exponential transformation that, for any t ≥ 0, Y¯t = e
Yt
1−δ , the solution
Yt, t ≥ 0, of the ODE (13) is uniquely given by, for any t ≥ 0,
Yt = −Gt+ (1− δ) ln
(
e
Y0
1−δ −
∫ t
0
e
G
1−δ sλ
1
1−δ
s ds
)
. (16)
We only have to check the condition (iii) in Definition 1 as other conditions
are obviously true. Before proceeding to show the super-martingale and sub-
martingale sub-optimality and martingale optimality principle, we first show
that (p∗, c∗; b∗, σ∗) ∈ C.
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Firstly, p∗, c∗, b∗, σ∗ are all deterministic functions in time t, where p∗, b∗, σ∗
are all constants. Secondly, since
(
x∗p;x
∗
b , x
∗
Σ
) ∈ Π×B×Σ and c∗ is of exponential
form, (p∗, c∗; b∗, σ∗) ∈ Π×R+ × B×Σ, P× dt-a.s. Thirdly, the optimal wealth
process Xx;p
∗,c∗;b∗,σ∗ satisfies, for any x ∈ R+ and t ≥ 0,
dXx;p
∗,c∗;b∗,σ∗
t = X
x;p∗,c∗;b∗,σ∗
t
[(
r + p∗,trt (b
∗
t − r1)− c∗t
)
dt+ p∗,trt σ
∗
t dWt
]
,
and thus, obviously, Xx;p
∗,c∗;b∗,σ∗
t ≥ 0 as x ∈ R+.
Since the solution Y , as shown in (16), of the ODE (13) is deterministic and
continuous, for any t ≥ 0, Y is bounded in [0, t], and so is c∗. This fact, together
with p∗ being a constant, shows that, for any t ≥ 0, ∫ t
0
(|p∗s|2 + |c∗s|) ds < ∞,
P-a.s.
For any x ∈ R+ and t ≥ 0,(
Xx;p
∗,c∗;b∗,σ∗
t
)δ
= xδe
∫ t
0
(
G−δλ
1
1−δ
t e
− Ys
1−δ
)
dsE
(∫ ·
0
δp∗,trs σ
∗
sdWs
)
t
.
Since p∗ and σ∗ are constants, the Dole´ans-Dade exponential martingale is uni-
formly integrable on [0, t]. Recall that Y and λ is bounded in [0, t]. There-
fore, for any t ≥ 0,
{(
Xx;p
∗,c∗;b∗,σ∗
τ
)δ}
τ∈T [0,t]
is uniformly integrable and
E
[∫ t
0
(
c∗sX
x;p∗,c∗;b∗,σ∗
s
)δ
ds
]
<∞. These show that (p∗, c∗; b∗, σ∗) ∈ C.
Let x ∈ R+ and t ≥ 0. For any (p, c; b, σ) ∈ C, define the process, for any
s ≥ t,
Rx,t;p,c;b,σs =
(
Xx,t;p,c;b,σs
)δ
δ
eYs +
∫ s
t
(
cuX
x,t;p,c;b,σ
u
)δ
δ
λudu,
which satisfies
dRx,t;p,c;b,σs =
(
Xx,t;p,c;b,σs
)δ
δ
eYs ×
[(
G
(
ps; bs, σsσ
tr
s
)
+
(
cδsλse
−Ys − δcs
)
−
(
G+ (1− δ)λ
1
1−δ
s e
− Ys1−δ
))
ds+ δptrs σsdWs
]
.
(17)
By the definition of saddle-point, for any (p, c) ∈ A with (p, c; b∗, σ∗) ∈ C,
G
(
ps; b
∗
s, σ
∗
sσ
∗,tr
s
)
+
(
cδsλse
−Ys − δcs
)
= G (ps;x
∗
b , x
∗
Σ) +
(
cδsλse
−Ys − δcs
)
≤ G+ (1− δ)λ
1
1−δ
s e
− Ys1−δ ;
for any (b, σ) ∈ B with (p∗, c∗; b, σ) ∈ C,
G
(
p∗s; bs, σsσ
tr
s
)
+
(
(c∗s)
δ
λse
−Ys − δc∗s
)
= G
(
x∗p; bs, σsσ
tr
s
)
+
(
(c∗s)
δ
λse
−Ys − δc∗s
)
≥ G+ (1− δ)λ
1
1−δ
s e
− Ys1−δ ;
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and
G
(
p∗s; b
∗
s, σ
∗
sσ
∗,tr
s
)
+
(
(c∗s)
δ
λse
−Ys − δc∗s
)
= G
(
x∗p;x
∗
b , x
∗
Σ
)
+
(
(c∗s)
δ
λse
−Ys − δc∗s
)
= G+ (1− δ)λ
1
1−δ
s e
− Ys1−δ .
All these (in)equalities, together with (17) and the Class (DL) condition, show
the super-martingale and sub-martingale sub-optimality and martingale opti-
mality principle of condition (iii) in Definition 1.
In Theorem 4, the saddle-point, albeit implicit, for the optimal investment
strategy and the worst-case drift and volatility are constants over time. In par-
ticular, the optimal investment strategy depends on the worst-case drift and
volatility. On the other hand, the optimal consumption strategy is not neces-
sarily a constant but is a deterministic function in time t; it depends on the
saddle value G, particularly on the optimal investment strategy.
Condition (14) might seem to be stringent at the first glance; yet, a rich
class of non-negative and bounded deterministic functions λ actually satisfies
this condition. For example, suppose that the function λ is given by, for any
t ≥ 0, λt = αe−(G+β)t, for some constants α ≥ 0 and β > 0. Sufficiently,
condition (14) is satisfied when
e
Y0
1−δ >
1− δ
β
α
1
1−δ . (18)
With this class of functions λ, the robust forward investment and consumption
preferences are given by, for any x,C ∈ R+ and t ≥ 0,
U (x, t) =
xδ
δ
e−Gt
(
1− δ
β
α
1
1−δ e−
β
1−δ t + e
Y0
1−δ − 1− δ
β
α
1
1−δ
)1−δ
and U c (C, t) = C
δ
δ αe
−(G+β)t, with the associated optimal consumption strategy
given by, for any t ≥ 0,
c∗t =
α
1
1−δ e−
β
1−δ t
1−δ
β α
1
1−δ e−
β
1−δ t + e
Y0
1−δ − 1−δβ α
1
1−δ
,
which is clearly non-increasing and converges to 0 when time t → ∞. To
satisfy the sufficient condition (18), an obvious instance is putting α = 0, which
corresponds to the case when λ ≡ 0, applying the results in Theorem 4 for the
robust forward investment preference.
Corollary 5 The process U(x, t) = x
δ
δ e
Y0−Gt, x ∈ R+, t ≥ 0, is the zero volatil-
ity robust forward investment preference, with drift and volatility uncertainties.
Moreover, the saddle-point for the optimal investment strategy and the worst-
case drift and volatility (p∗; b∗, σ∗) are given by, for any t ≥ 0,
p∗t = x
∗
p; b
∗
t = x
∗
b , σ
∗
t σ
∗,tr
t = x
∗
Σ.
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Another possible choice is when α = eY0 and β > 1 − δ, so that the initial
investment and consumption preferences of the agent coincide.
Corollary 6 The pair of processes, for any x,C ∈ R+ and t ≥ 0,
U (x, t) =
xδ
δ
eY0−Gt
(
1− δ
β
e−
β
1−δ t + 1− 1− δ
β
)1−δ
and U c (C, t) = C
δ
δ e
Y0−Gte−βt, is the zero volatility robust forward investment
and consumption preferences, with drift and volatility uncertainties. Moreover,
the saddle-point for the optimal investment and consumption strategies and the
worst-case drift and volatility (p∗, c∗; b∗, σ∗) are given by, for any t ≥ 0,
p∗t = x
∗
p, c
∗
t =
e−
β
1−δ t
1−δ
β e
− β1−δ t + 1− 1−δβ
; b∗t = x
∗
b , σ
∗
t σ
∗,tr
t = x
∗
Σ.
Notice that, in Theorem 4, the deterministic function Yt, t ≥ 0, is non-
increasing, which is obvious from (16). Therefore, the constructed zero volatility
robust forward investment preference, with drift and volatility uncertainties,
given in (15), is time-monotonic, more precisely non-increasing. Such a time-
monotonicity for the robust forward investment preference is not due to the
consumption component as illustrated in Corollary 5. This result coincides
with, for example, [32], [36], [27], and [24], in which the zero volatility forward
investment preference is shown to be non-increasing in time.
On the other hand, the deterministic function λt, t ≥ 0, and hence the
constructed zero volatility robust forward consumption preference, with drift
and volatility uncertainties, given in (15), are not necessarily non-decreasing
nor non-increasing at all time t, as long as λ satisfies the condition (14) for all
time t ≥ 0. However, they are necessarily non-increasing for all time t ≥ t∗, for
some threshold time t∗ ≥ 0, in order to satisfy the condition (14) for all time
t ≥ 0. In Corollaries 5 and 6, such an asymptotic time-monotonicity is clear;
in particular, the zero volatility robust forward investment and consumption
preferences in Corollary 6 asymptotically converge at the same rate: for any
x,C ∈ R+,
lim
t→∞
U(x,t)
xδ
Uc(C,t)
Cδ
= 1.
In the remains of this subsection, we shall demonstrate an example with
explicit saddle-point
(
x∗p;x
∗
b , x
∗
Σ
)
, for the optimal investment strategy p∗ and
the worst-case drift and volatility (b∗, σ∗), and saddle value G. To this end,
consider the case that d = 1, and let Π = [p, p], B = [b, b], and Σ = [Σ,Σ], where
p, p ∈ R such that p ≤ 0 ≤ p, b, b ∈ R, and Σ,Σ ∈ R+.
Proposition 7 The optimal investment strategy p∗ is, for any t ≥ 0,
p∗t = x
∗
p = min
{
p,
b− r
(1− δ)Σ
}
1{r≤b} + max
{
p,
b− r
(1− δ)Σ
}
1{r≥b};
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the worst-case drift and volatility (b∗, σ∗) are, for any t ≥ 0,
b∗t = x
∗
b = b1{r≤b} + r1{b<r<b} + b1{r≥b}, σ
∗
t = x
∗
σ = ±
√
Σ.
Moreover, the saddle value G is given by
G =
1
2
δ(δ − 1)Σdist2
{
[p, p],
x∗b − r
(1− δ)Σ
}
+
1
2
δ
1− δ
(x∗b − r)2
Σ
+ δr.
Note again that the optimal investment strategy p∗, the worst-case drift b∗,
and the worst-case volatility σ∗ are all constant over time. The values of optimal
investment strategy and the worst-case drift vary depending on the values of
the risk-free rate r, the lowest possible drift b, and the greatest possible drift
b; in particular, if the risk-free rate r lies between the the lowest possible drift
b and the greatest possible drift b, the agent should optimally invest all of her
wealth into the risk-free bond for all time. The worst-case volatility σ∗ attains
at its lower-bound σ or upper-bound σ. Indeed, if 0 ≤ σ < σ, or σ < 0 ≤ σ with
|σ| < |σ|, then σ∗t =
√
Σ = σ, for any t ≥ 0; if σ < 0 ≤ σ with |σ| ≤ |σ|, then
σ∗t = −
√
Σ = σ, for any t ≥ 0. The explicit saddle value G is to construct the
robust forward investment preference U and determine the optimal consumption
strategy c∗, via the solution Y of the ODE (13), in Theorem 4.
We provide a simple numerical illustration with λ ≡ 0, i.e., without the
element of consumption, corresponding to Corollary 5. Numerical results with
the element of consumption are also feasible for any non-negative and bounded
deterministic function λ satisfying condition (14).
Consider the case that r = 0.2, σ = 0.1, σ = 0.5, p = −0.5, p = 1.5,
δ = 0.5, T = 3, x = 50, and Y0 = 0. Figure 1 demonstrates the sub-case that
b = 0.1 and b = 0.5; the optimal investment strategy is investing all wealth to
the risk-free bond at all time. Figure 2 demonstrates the sub-case that b = 0.3
and b = 0.8; the optimal investment strategy is investing 80% of wealth to
the risky stock at all time. Figure 3 demonstrates the sub-case that b = −0.1
and b = 0.1; the optimal investment strategy is shorting 50% of wealth to the
risky stock at all time. In all three sub-cases, the robust forward investment
preference is given by U(x, t) = x
δ
δ e
−Gt, x ∈ R+, t ≥ 0, except the difference
in the saddle value G. These figures re-confirm the time-monotonicity of the
robust forward investment preference. In Figures 1, 2, and 3, the blue trajectory
illustrates the first sample, while the red trajectory shows the second sample,
both in the worst-case financial market scenario. The trajectories in Figure 1
are deterministic because the optimal wealth process is deterministic with the
optimal investment strategy p∗ = 0.
4.3 Drift Uncertainty
In this subsection, we assume that only drift uncertainty exists, in the sense
that, the projected set ProjbB is not a singleton while ProjσB is a singleton.
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Consequently, with an abuse of notation, denote the set of possibly realized drift
process in the financial market by
B = {bt, t ≥ 0 : b are F-progressively measureable, and b ∈ B, P× dt-a.s.},
where B = [b, b], for some constant vectors b, b ∈ Rd, is a convex and compact
subset in Rd. Assume that the only possibly realized volatility matrix process σ
in the financial market is F-progressively measurable, such that σσtr is uniformly
bounded and positive definite, or equivalently σ is invertible. Assume further
that σ−1 is uniformly bounded.
The wealth process of the risk-averse and ambiguity-averse investor, with the
initial endowment x ∈ R+, is denoted by Xx;p,c;b, which depends on, not only
her choices of the investment and consumption strategies (p, c) ∈ A, where A is
still given by (7), but also the market-realized drift process b ∈ B for the stock
prices. The joint admissible set C is given by (8) with replacing the simplified
set B herein.
For any t ≥ 0 and for each z ∈ Rd, define the random function, for any
(xp;xb) ∈ Π× B,
H (t, z;xp;xb) =
1
2
δ (δ − 1)xtrp σtσtrt xp + δxtrp (xb − r1) + δxtrp σtz + δr.
Since the technical details in the following proofs are in line with previous sec-
tions, we shall only demonstrate the essential parts.
Lemma 8 For each ω ∈ Ω, and for any t ≥ 0 and z ∈ Rd, the function
H (t, z; ·; ·) admits a saddle-point (x∗p;x∗b) ∈ Π×B, which depends on (ω, t, z) ∈
Ω× [0,∞)× Rd, in the sense that, for any xp ∈ Π and xb ∈ B,
H (t, z;xp;x
∗
b) ≤ H
(
t, z;x∗p;x
∗
b
) ≤ H (t, z;x∗p;xb) .
Moreover, for each ω ∈ Ω, the saddle value function H (·, ·) =
H
(·, ·;x∗p (·, ·) ;x∗b (·, ·)) is locally bounded in t ≥ 0 and z ∈ Rd. In partic-
ular, the saddle value function H (·, ·) ≥ 0. Furthermore, the saddle-point(
x∗p;x
∗
b
) ∈ Π× B is given by
x∗p =
(
σtrt
)−1
Projσtrt Π
(
σ−1t (x
∗
b − r1) + z
1− δ
)
, x∗,ib =

b
i
if x∗,ip < 0
b˜i if x∗,ip = 0
bi if x∗,ip > 0
, (19)
for any i = 1, . . . , d and b˜i ∈ [bi, bi], which are respectively locally bounded in
t ≥ 0 and z ∈ Rd, for each ω ∈ Ω, and uniformly bounded.
Proof. The first assertion and non-negativity of the saddle value function can
be proved by the same arguments as in Lemma 3. The second assertion is
proved in Lemma 3.1 in [44]. The last assertion is obtained by directly solving
the saddle-point from the random function H (t, z; ·; ·), for each t ≥ 0, z ∈ Rd,
while the boundedness results are obvious.
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We shall make use of an infinite horizon BSDE, where the solution will
represent the robust forward investment and consumption preferences, with drift
uncertainty, and the associated optimal investment and consumption strategies.
Proposition 9 Let ρ > 0. Consider the infinite horizon BSDE, for any t ≥ 0,
dYt = − (H (t, Zt)− ρYt) dt+ Ztrt dWt. (20)
Then, the infinite horizon BSDE (20) admits the unique solution (Y,Z),
such that Y is F-progressively measurable and uniformly bounded, while Z ∈
L2,−2ρ[0,∞). In particular, for any t ≥ 0, E
[∫ t
0
|Zs|2ds
]
< ∞, which implies∫ t
0
|Zs|2ds <∞ P-a.s.
Proof. Note that the saddle value function H (·, ·) can be written as, for any
(ω, t, z) ∈ Ω× [0,∞)× Rd,
H (t, z) = inf
xb∈B
(
− 1
2
δ(1− δ)dist2
{
σtrt Π,
σ−1t (xb − r1) + z
1− δ
}
+
1
2
δ
1− δ |σ
−1
t (xb − r1) + z|2 +
1
2
|z|2 + δr
)
.
Hence, for any ω ∈ Ω, t ≥ 0, and z1, z2 ∈ Rd, with the respective argument
infimum x∗b (t, z1) , x
∗
b (t, z2) ∈ B,
H (t, z1)−H (t, z2)
≤ − 1
2
δ(1− δ)dist2
{
σtrt Π,
σ−1t (x
∗
b (t, z2)− r1) + z1
1− δ
}
+
1
2
δ
1− δ |σ
−1
t (x
∗
b (t, z2)− r1) + z1|2 +
1
2
|z1|2 + δr −H (t, z2)
=
1
2
δ(1− δ)
(
dist2
{
σtrt Π,
σ−1t (x
∗
b (t, z2)− r1) + z2
1− δ
}
− dist2
{
σtrt Π,
σ−1t (x
∗
b (t, z2)− r1) + z1
1− δ
})
+
1
2
δ
1− δ
(|σ−1t (x∗b (t, z2)− r1) + z1|2 − |σ−1t (x∗b (t, z2)− r1) + z2|2)
+
1
2
(|z1|2 − |z2|2) ,
with a similar estimate for the lower bound. Therefore, by the above estimates,
the uniform boundedness of b∗ and σ−1, the property that Π is a closed and
convex subset in Rd including the origin 0 ∈ Rd, and the Lipschitz continuity of
the distance function, there exists a constant K > 0 such that, for any ω ∈ Ω,
t ≥ 0, y ∈ R, and z1, z2 ∈ Rd,
|F (t, y, z1)− F (t, y, z2)| ≤ K(1 + |z1|+ |z2|)|z1 − z2| and |F (t, 0, 0)| ≤ K,
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where F is the driver of the infinite horizon BSDE (20). Moreover, F is mono-
tone in y, in the sense that, for any ω ∈ Ω, t ≥ 0, y1, y2 ∈ R, and z ∈ Rd,
(y1 − y2) (F (t, y1, z)− F (t, y2, z)) ≤ −ρ (y1 − y2)2 .
Therefore, the driver F satisfies Assumption A1 in [7], and hence, we conclude
by Theorem 3.3 in [7].
Theorem 10 Let ρ > 0. Let (Y,Z) be the solution of the infinite horizon BSDE
(20). Let gt, t ≥ 0, be the solution of the following ODE: for any t ≥ 0,
dgt =
(
(1− δ)λ
1
1−δ
t e
− Yt1−δ e
gt
1−δ + ρYt
)
dt, (21)
where λt, t ≥ 0, satisfies the condition that, for all t ≥ 0,
e−
g0
1−δ >
∫ t
0
e
1
1−δ (ρ
∫ s
0
Yudu−Ys)λ
1
1−δ
s ds. (22)
Then the pair of processes
{(U(ω, x, t), U c(ω,C, t))}ω∈Ω,x∈R+,C∈R+,t≥0
defined by, for any x,C ∈ R+ and t ≥ 0,
U(x, t) =
xδ
δ
eYt−gt and U c(C, t) =
Cδ
δ
λt, (23)
are the robust forward investment and consumption preferences, with drift uncer-
tainty. Moreover, the saddle-point for the optimal investment and consumption
strategies and the worst-case drift (p∗, c∗; b∗) ∈ C are given by, for any t ≥ 0,
p∗t = x
∗
p (t, Zt) , c
∗
t = λ
1
1−δ
t e
− Yt1−δ e
gt
1−δ ; b∗t = x
∗
b (t, Zt) ,
where x∗p and x
∗
b are given in (19). Furthermore, the volatility process of the
robust forward investment and consumption preferences, with drift uncertainty,
is, for any x ∈ R+ and t ≥ 0,
a(x, t) =
xδ
δ
eYt−gtZt.
Proof. With the condition (22), the ODE (21) can be uniquely solved. Indeed,
by an exponential transformation that, for any t ≥ 0, g¯t = e−
gt
1−δ , the solution
gt, t ≥ 0, of the ODE (21) is uniquely given by, for any t ≥ 0,
gt = ρ
∫ t
0
Ysds− (1− δ) ln
(
e
−g0
1−δ −
∫ t
0
e
1
1−δ (ρ
∫ s
0
Yudu−Ys)λ
1
1−δ
s ds
)
. (24)
Following similar arguments as in Theorem 4 yields that (p∗, c∗; b∗) ∈ C,
and the super-martingale and sub-martingale sub-optimality and martingale
optimality principle of condition (iii) in Definition 1.
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One could easily observe two substantial differences in the main result of
Theorem 10, comparing to that of Theorem 4. Without the volatility uncer-
tainty, firstly, the constructed robust forward preferences (23) is no longer of
zero volatility; secondly, the optimal investment strategy and the worst-case
drift are no longer constants over time, while the optimal consumption strategy
is no longer a deterministic function in time; indeed, the robust forward invest-
ment preference, the optimal investment and consumption strategies, and the
worst-case drift are all stochastic processes in Theorem 10; consequently, even
though the saddle value function H (·, ·) is non-negative as shown in Lemma 8,
and the solution g of the ODE (21) is non-decreasing, which is obvious from
(24), the robust forward investment preference, with only drift uncertainty, is
not time-monotonic. An intuitive reason is that, comparing to Theorem 10,
in Theorem 4, the volatility takes the worst-case deterministic form when the
volatility uncertainty exists. Hence, all drift and volatility randomness from
the financial market are eliminated in the worst-case scenario, and thus the
agent does not have any uncertainty regarding her future preferences. In the
worst-case financial market with eliminated randomness in drift and volatility,
the agent then determines her optimal investment and consumption strategies
as deterministic functions in time.
A rich class of non-negative and bounded deterministic functions λ satisfies
the condition (22). Suppose that the function λ is given by, for any t ≥ 0,
λt = αe
−(ρC+β)t, for some constants α ≥ 0 and β > 0, where C > 0 is the
uniformly bounded constant for the solution Y of the infinite horizon BSDE
(20). Sufficiently, condition (22) is satisfied when
e−
g0
1−δ >
1− δ
β
α
1
1−δ e
C
1−δ .
The following corollary rephrases Theorem 10 without the element of consump-
tion by putting α = 0, or equivalently λ ≡ 0. The result generalizes Theorem
3.6 in [27].
Corollary 11 Let ρ > 0. The process U (x, t) = x
δ
δ e
Yt−ρ
∫ t
0
Ysds, x ∈ R+, t ≥ 0,
is the non-zero volatility robust forward investment preference, with drift uncer-
tainty, where Y is the solution of the infinite horizon BSDE (20). Moreover, the
saddle-point for the optimal investment strategy and the worst-case drift (p∗; b∗)
are given by, for any t ≥ 0,
p∗t = x
∗
p (t, Zt) ; b
∗
t = x
∗
b (t, Zt) ,
where x∗p and x
∗
b are given in (19), and Z is the solution of the infinite horizon
BSDE (20). Furthermore, the volatility process of the robust forward investment
preference, with drift uncertainty, is, for any x ∈ R+ and t ≥ 0,
a(x, t) =
xδ
δ
eYt−
∫ t
0
ρYsdsZt.
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5 Concluding Remarks and Extensions
In this paper, we have solved the robust optimal investment and consumption
strategies for the risk-averse and ambiguity-averse agent who adopts robust
forward preferences. We have characterized the robust forward investment and
consumption preferences for the agent in terms of an SPDE, in the presence of
investment constraints, to introduce the volatility process of forward preferences.
Using the element of ODEs and infinite horizon BSDEs, we have constructed the
robust CRRA forward preferences and the associated optimal strategies, in both
cases with drift and volatility uncertainties, and with only drift uncertainty. We
have also illustrated an example with an explicit saddle-point for the optimal
investment and consumption strategies and the worst-case drift and volatility,
when there are both drift and volatility uncertainties.
The approach and the results herein may be extended in at least two direc-
tions. Firstly, in addition to the investment constraints, one should consider a
consumption constraint for the agent as well. This is mathematically tractable
by adding appropriate consumption bounds on the corresponding ODEs and
the optimal consumption strategy (see, for instance, [9, 44]). Secondly, one
may investigate the possibility of constructing non-deterministic consumption
preferences using the element of BSDEs. This is undoubtedly a very important
extension, since any preferences of the agent are unlikely to be deterministic
over time. This mathematically challenging but practically meaningful general-
ization is left for future research.
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Figure 1: Optimal investment strategy (in proportion and in amount) and robust
forward investment preference when b = 0.1 and b = 0.5 in the worst-case
financial market
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Figure 2: Optimal investment strategy (in proportion and in amount) and robust
forward investment preference when b = 0.3 and b = 0.8 in the worst-case
financial market
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Figure 3: Optimal investment strategy (in proportion and in amount) and robust
forward investment preference when b = −0.1 and b = 0.1 in the worst-case
financial market
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